Non-equilibrium statistical mechanics of classical nuclei interacting
  with the quantum electron gas by Wang, Yu & Kantorovich, Lev
ar
X
iv
:0
70
7.
29
88
v1
  [
co
nd
-m
at.
sta
t-m
ec
h]
  2
0 J
ul 
20
07
Non-equilibrium statistial mehanis of lassial nulei interating
with the quantum eletron gas
Yu Wang and Lev Kantorovih
November 9, 2018
Department of Physis, King's College London, The Strand, London, WC2R 2LS, United Kingdom
Abstrat
Kineti equations governing time evolution of positions and momenta of atoms in extended systems are de-
rived using quantum-lassial ensembles within the Non-Equilibrium Statistial Operator Method (NESOM).
Ions are treated lassially, while their eletrons quantum mehanially; however, the statistial operator is not
fatorised in any way and no simplifying assumptions are made onerning the eletroni subsystem. Using
this method, we derive kineti equations of motion for the lassial degrees of freedom (atoms) whih aount
fully for the interation and energy exhange with the quantum variables (eletrons). Our equations, alongside
the usual Newtonian-like terms normally assoiated with the Ehrenfest dynamis, ontain additional terms,
proportional to the atoms veloities, whih an be assoiated with the eletroni frition. Possible ways of
alulating the frition fores whih are shown to be given via ompliated non-equilibrium orrelation fun-
tions, are disussed. In partiular, we demonstrate that the orrelation funtions are diretly related to the
thermodynami Matsubara Green's funtions, and this relationship allows for the diagrammati methods to be
used in treating eletron-eletron interation perturbatively when alulating the orrelation funtions. This
work also generalises previous attempts, mostly based on model systems, of introduing the eletroni frition
into Moleular Dynamis equations of atoms.
1 Introdution
Classial Moleular Dynamis (MD) simulations [1, 2℄ play an important role in modern ondensed matter physis [3℄
giving diret aess to a wide range of statistial properties of the systems under study. In ab initio MD simulations
atoms whih are treated lassially follow in time Newtonian's equations of motion. The latter are solved numerially
using atomi fores. In ab initio MD simulations the fores on atoms are alulated from the rst priniples by
onsidering eletrons (at eah atomi onguration) entirely quantum mehanially, usually within the density
funtional theory (DFT) [4℄. This approah is also sometimes alled the mean-eld approximation (MFA) [5℄.
Probably, the simplest quantum-mehanial justiation of the MFA [6℄ is based on a fatorisation of the density
operator for the whole system into a produt of individual operators for the nulei and eletrons, and then using this
Ansatz in the quantum Liouville equation with subsequent replaement of the quantum braket with the lassial
Poisson braket for the lassial degrees of freedom. Then, a lassial trajetory is introdued by adopting a speial
Delta-funtion representation for the density operator of the lassial subsystem. The important message here is
that the ioni oordinates and momenta in the usual MD equations appear as statistial averages alulated at
every time step. Thus, usual MD equations onstitute the dynamial equations of motion (EoM) for averages
as proposed originally a long time ago by Ehrenfest [7℄. Although more sophistiated approahes have also been
developed (see e.g. [6, 8, 9, 10℄ and referenes therein) in whih quantum nature of slow variables (lassial degrees
of freedom) is taken into aount to some extent, these methods are still very ompliated. At the same time,
lassial onsideration of nulei an still be well justied for many problems [11℄.
In the present paper we propose a general statistial mehanial onsideration of a system onsisting of slow
and fast degrees of freedom assuming nulei and eletrons as a partiular example. We derive EoM for slow degrees
of freedom (nulei) whih interat and exhange energy with the fast degrees of freedom (eletrons). Contrary to
onventional approahes (e.g. [9℄) based on the Liouville equation whih possesses the time-reversal symmetry and
is thus intrinsially equilibrium [12℄, our method is based on entirely non-equilibrium onsideration within the Non-
equilibrium Statistial Operator Method (NESOM) [12℄. The treatment of lassial and quantum degrees of freedom
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is done within the method of mixed quantum-lassial ensembles (MQCE) [13, 14℄ in whih the Liouville operator is
represented as a sum of the lassial Poisson braket and a quantum-mehanial ommutator ating on the statistial
operator of the whole system. The latter depends on oordinates and momenta of lassial degrees of freedom and,
at the same time, is a super-operator ating on quantum operators due to quantum degrees of freedom. A formal
derivation of this method of treating mixed quantum-lassial systems based on a group-theoretial analysis was
given in Refs. [15, 16, 17℄. Note that in this approah the statistial operator is not assumed to be in a fatorised
form with respet to slow and fast degrees of freedom.
Physially, one would expet that if the fast eletrons are in instantaneous equilibrium with the slow nulei,
then the former would follow the dynamis of the latter and the EoM would orrespond exatly to the Ehrenfest
dynamis when the nulei move along a single trajetory (whih depends on the initial onditions) while the
eletrons are in the ground state. However, in reality the eletrons are quantum partiles whih impose utuating
fores on the nulei. Also, at a given temperature T , the eletrons are not isolated from the nulei and the heat
bath surrounding the system; they should get enough energy to oupy an ensemble of ground and exited states
orrresponding to this T and will require some time to equilibrate after the nulei displaed from their urrent
positions. This make us think that the motion of the nulei annot be onsidered as following a single trajetory;
instead, one an only onsider the motion of the nulei statistially, on average. Moreover, the EoM for the nulei
average momenta would also deviate from the Ehrenfest dynamis: rstly, the average fores ating on the nulei
are expeted to ontain frition-like terms reeting the possibility of the energy exhange, and, seondly, there
should be a onservative fore ating on the nulei due to eletrons oupying an ensemble of states. In this paper
we develop a general formalism that leads to this kind of desription.
We show that the EoM for nulei orresponds to the Ehrenfest dynamis with additional terms. The latter are
related to rather ompliated non-equilibrium orrelation funtions, and we provide a way of deriving these terms
systematially. In the rst order approximation, our additional terms are shown to be exatly proportional to atoms
momenta and an thus be interpreted as frition fores. These fores have long been known in the literature as
eletroni frition (see review [6℄ and referenes therein), but they were either introdued semi-empirially [18℄,
as Langevin fores [11℄ or due to energy losses in partiular model systems [6, 19, 20, 21℄. In this paper we give
a general derivation and justiation of these kind of terms. The method presented here is a generalisation of
our previous treatment [13, 14℄ of a lassial tip of Atomi Fore Mirosopy interating with quantum surfae
vibrations.
The plan of the paper is as follows. In the next Setion we shall introdue main onepts of the NESOM and
MQCE to set up the neessary denitions and notations. In Setion 3 our main formalism is given and the EoM for
the nulei are derived to the rst order, and we explain whih quantities are used for building up this approximation.
We also disuss how this proedure an be extended systematially to inlude terms up to any order. Although we
do not onsider any spei model in whih the non-equilibrium orrelation funtions ould be alulated due to
an enormous omplexity of those, a general disussion on how this ould be done, at least in priniple, will also be
given. In partiular, their onnetion to the Matsubara Green's funtions [22, 23℄ is disussed in Appendix. Finally,
in Setion 4, main onlusions are drawn.
2 NESOM and MQCE
In NESOM statistial mehanis of a system is desribed in general by a statistial operator ρ(t) whih satises the
Liouville equation with broken time-reversal symmetry [12℄:
∂ρ
∂t
+ iL̂ρ = −ε (ρ− ρrel) (1)
where L̂ is the Liouville operator and ρrel(t) is the so-alled relevant distribution orresponding to loal equilibrium
in the system. The right hand side of Eq. (1) serves to break the time-reversal symmetry inherent to the usual
Liouville equation,
∂ρ
∂t + iL̂ρ = 0, in whih this term is missing, and this guarantees that the retarded solution
of the Liouville equation is hosen orresponding to the physially aeptable non-equilibrium behaviour of the
system. The limit ε → 0 (following the thermodynami limit) is taken after the alulation of neessary averages
with respet to ρ(t).
The key quantity in this formalism is the relevant distribution, ρrel(t), whih is onstruted from a set of
relevant statistial variables Xn, and follows from the priniple of maximum of the information entropy. The
entropy is maximum subjet to the so-alled self-onsisteny onditions stating that the statistial averages of
the variables Xn alulated with the relevant distribution, 〈Xn〉
t
rel = Tr (ρrel(t)Xn), at time t are always equal
to the true statistial averages, 〈Xn〉
t
= Tr (ρ(t)Xn), alulated with the true statistial operator, ρ(t). This is
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ahieved using Lagrange multipliers, whih makes the relevant distribution to depend expliitly on the true statistial
averages of the relevant variables, and thus on the true statistial operator ρ(t) whih is obtained by solving the
modied Liouville equation (1). This makes the whole sheme highly non-linear (and thus the term self-onsisteny
onditions).
When onsidering, within the MQCE, a mixed quantum-lassial system onsisting of quantum and lassial
degrees of freedom, one has to use a generalised expression for the Liouville operator whih ats on lassial variable
A as the lassial Poisson braket
{A,H} =
∑
j
(
∂A
∂Qj
∂H
∂Pj
−
∂A
∂Pj
∂H
∂Qj
)
(2)
where Q = {Qj} and P = {Pj} are the oordinates and momenta orresponding to the lassial degrees of freedom,
while it is the quantum ommutator,
1
i~ [Y,H ], when it ats on a quantum operator Y assoiated with the quantum
degrees of freedom. Here H is the system total Hamiltonian, depending on both types of variables at the same time.
Consequently, the true and relevant statistial operators whih may also depend on both lassial and quantum
variables, at as operators on quantum states and, at the same time, are funtions of oordinate and momenta of the
lassial degrees of freedom, as in lassial statistial mehanis. Sine the quantum operators may not neessarily
ommute with the Hamiltonian, one has to use the symmetrised Poisson braket when onstruting the appropriate
generalised Liouville operator [15, 16, 17, 8, 24℄, i.e. the Liouville operator in MQCE is the sum of the quantum
and lassial ounterparts:
iLˆ . . . = iLˆq . . .+ iLˆc . . . =
1
i~
[. . . , H ] +
1
2
({. . . , H} − {H, . . .}) (3)
i.e. it is formally onstruted as a sum of the quantum and symmetrised lassial Poisson brakets. It is readily seen
that the Liouville operator dened in this way serves as a usual ommutator when ating on quantum operators
and is the lassial Poisson braket (2) when ating on lassial variables. If a variable ontains both lassial and
quantum omponents, the generalised operator (3) is to be used.
The statistial operator in MQCE is normalised to unity in the generalised sense, Tr (ρ) = 1, via the total trae
dened as:
Tr (. . .) =
∫
tr(. . .)dΓ (4)
where the trae written with small letters orresponds to the usual quantum trae taken with respet to the quantum
states assoiated with the quantum degrees of freedom, while integration orresponds to all oordinates and momenta
of the lassial phase spae Γ as in ordinary lassial statistial mehanis. Correspondingly, a statistial average of
an arbitrary observable A, whih may depend on lassial degrees of freedom and, at the same time, is an operator
in the quantum subspae, is dened in the generalised sense as
〈A〉
t
= Tr (ρ(t)A) (5)
One an also dene the ux A˙ operator (time derivative of A) assoiated with the variable A in the usual way as
A˙ = iLˆA. It is seen that all equations look idential to either pure lassial and quantum ases, only the atual
meaning of the Liouville operator is dierent.
In the following, we shall limit ourselves with the Hamiltonian of the form
H =
∑
j
P 2j
2Mj
+ U(Q) +Hq(p, q;Q) (6)
whih orresponds to the eletron-ion system in whih ions of masses Mj are onsidered lassially, while eletrons
quantum mehanially. The index j orresponds to a lassial degree of freedom (i.e. eah atom ontributes three
suh degrees of freedom). Above, the rst term gives the kineti energy of the lassial ions, their potential energy
in an external eld as well as the ion-ion interation is provided by the seond term. The last term forms the
quantum Hamiltonian for the eletrons (with oordinates q = {rk} and momenta p),
Hq(p, q;Q) = He(p, q) + Φ(Q, q) (7)
This Hamiltonian desribes kineti and interation energies of the eletrons (the rst term), while their interation
with the lassial oordinates, Q, is desribed by the seond term. Note that interation between the two subsystems
3
in H depends only on their oordinates. Then the following expression for the lassial part of the Liouville operator
ating on the operator A is obtained:
iLˆcA =
∑
j
[
Pj
Mj
∂A
∂Qj
+
1
2
(
∂A
∂Pj
P˙j + P˙j
∂A
∂Pj
)]
(8)
where the variable P˙j = iLˆPj = iLˆcPj = −
∂H
∂Qj
orresponds to the fore ating on the lassial oordinate Qj
(degree of freedom j).
When deriving kineti equations (equations of motion for the statistial averages 〈A〉
t
), the following identity
proves to be indispensable:
Tr
((
iLˆρ
)
A
)
= −Tr
((
iLˆA
)
ρ
)
(9)
where the generalised Liouville operator of Eq. (3) is used. Sine this identity is linear with respet to the Liouville
operator, it an be proven separately for eah of the Poisson brakets. For the quantum braket, iLˆq, it follows
trivially from the yli invariane of the quantum trae [12℄. To prove it for the lassial Poisson brakets, one
writes:
Tr
((
iLˆcρ
)
A
)
=
∑
j
∫
dΓ
[
Pj
Mj
tr
(
∂ρ
∂Qj
A
)
+
1
2
tr
(
∂ρ
∂Pj
P˙jA
)
+
1
2
tr
(
P˙j
∂ρ
∂Pj
A
)]
Using integration by parts with respet to Qj for the rst term in the square brakets and the fat that the density
operator should vanish at the boundaries of the phase spae, we nd that we an replae the trae tr
(
∂ρ
∂Qj
A
)
with
−tr
(
∂A
∂Qj
ρ
)
. Similar method is applied to the other two terms: using integration by parts with respet to Pj ,
yli invariane of the quantum trae and the fat that ioni fores P˙j do not depend on the momentum Pj , we
obtain the following substitutions for the seond and the third traes in the square brakets above: tr
(
∂ρ
∂Pj
P˙jA
)
→
−tr
(
P˙j
∂A
∂Pj
ρ
)
and tr
(
P˙j
∂ρ
∂Pj
A
)
→ −tr
(
∂A
∂Pj
P˙jρ
)
. This proves Eq. (9) for any quantum-lassial operator A.
Finally, we prove that for any general operator B̂(P,Q), ating on quantum states and depending on lassial
variables as well, the following identity is satised:
Tr
(
iLcB̂
)
= 0 (10)
provided that the operator B̂ vanishes at the boundaries of the lassial phase spae. This is proven by using an
expliit expression for the lassial Liouville operator, Eq. (8). Indeed, onsider the rst part of it, ontaining
the produt of the lassial momentum Pj and the derivative
∂ bB
∂Qj
. When taking the trae, the integration over
Qj is performed immediately resulting in the dierene B̂(P,Q)
∣∣∣
Qi=∞
− B̂(P,Q)
∣∣∣
Qi=−∞
whih is zero due to our
assumption onerning the operator B̂. Similarly, the other two terms of the lassial Liouville operator, Eq. (8),
also result in the zero ontribution due to integration over Pj and the fat that the fore, P˙j , does not depend on
the momenta.
3 Theory
3.1 Relevant variables and distribution
As we are primarily interested in this work with the equation of motion (EoM) for the lassial variables whih
are muh slower than their quantum ounterparts, it is reasonable to sample over the fast degrees of freedom.
In pratie, this is ahieved by hoosing lassial oordinates and momenta Q and P as the appropriate relevant
variables. Correspondingly, the relevant distribution maximising the information entropy at the given temperature
T and number of eletrons N and subjet to the self-onsisteny onditions,
〈Qj〉
t
rel = 〈Qj〉
t , 〈Pj〉
t
rel = 〈Pj〉
t
(11)
is (f. [12℄):
ρrel(t) =
1
Z
exp
−β
H−∑
j
(VjPj + FjQj)
 (12)
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where β = 1/kBT is the inverse temperature, H = H − µN is the system Hamiltonian ontaining expliitly the
hemial potential µ of eletrons, Vj and Fj are the orresponding Lagrange multipliers and Z is the normalisation
fator ensuring that Tr (ρrel) = 1. Note that the sum over N is inorporated into the denition of the small trae.
The relevant statistial operator depends on time only via the Lagrange multipliers (see below).
At this point it is also onvenient to introdue the statistial operator,
ρeq = Z
−1
eq exp (−βHq) (13)
for the quantum subsystem, Zeq = tr (exp (−βHq)), where Hq = Hq−µN is the total eletroni Hamiltonian (7). It
orresponds to the quantum equilibrium anonial statistial operator for the eletrons when all lassial variables
are xed (i.e. the lassial subsystem is frozen). Then, the relevant distribution an also be written as a produt
ρrel = ρeqf(P,Q, t) (14)
of a lassial distribution funtion
f(P,Q, t) =
Zeq
Z
exp
−β
∑
j
(
P 2j
2Mj
− VjPj −FjQj
)
+ U(Q)
 ,
∫
f(P,Q, t)dΓ = 1 (15)
and the anonial quantum equilibrium statistial operator, ρeq. We shall also need the redued distribution
funtion, f(Q, t), whih is obtained from the distribution funtion above after integrating over the momenta:
f(Q, t) =
∫
f(P,Q, t)dP =
Zeq
ZQ
e−β(U−
P
j FjQj),
∫
f(Q, t)dQ = 1 (16)
where ZQ is the orresponding normalisation fator. Note that Zeq = Zeq(Q). The average with respet to the
relevant distribution of any lassial variable (depending only on lassial degrees of freedom) is obtained as the
average with respet to the distribution funtion f(P,Q, t); if the variable depends only on the lassial oordinates,
then the relevant distribution average is expressed as the average with respet to the Q-only distribution f(Q, t).
The Lagrange multipliers are obtained from the self-onsisteny onditions (11). Due to expliit dependene of
ρrel on the ions momenta via f(P,Q, t), alulation of 〈Pj〉
t
rel is straightforward: it gives simply 〈Pj〉
t
rel = MjVj ≡
〈Pj〉
t
, and we obtain:
Vj =
〈Pj〉
t
Mj
(17)
Thus, Vj has the meaning of the average veloity of the degree of freedom j.
Integrating with respet to all lassial momenta in 〈Qj〉
t
rel, one nds that 〈Qj〉
t
rel = 〈Qj〉
t
does only depend on
the Lagrange multipliers {Fj}. Inversely, this means that the Lagrange multipliers Fj only depend on the average
oordinates
{
〈Qj〉
t
}
. To obtain an expliit expression for Fj , we alulate
〈
P˙j
〉t
rel
=
〈
− ∂H∂Qj
〉t
rel
, using Eq. (12).
To this end, we rst take the quantum trae of the identity (see, e.g. [12℄)
∂
∂Qj
e−βH = −β
∫ 1
0
e−xβH
∂H
∂Qj
exβHe−βHdx (18)
giving
−
1
β
tr
(
∂
∂Qj
e−βH
)
= tr
(
∂H
∂Qj
e−βH
)
(19)
Therefore, using this and the integration by parts with respet to Qj in the
〈
− ∂H∂Qj
〉t
rel
, one obtains:
〈
P˙j
〉t
rel
= −Fj (20)
Thus, the seond Lagrange multiplier, Fj , has the meaning of the minus average fore ating on the lassial degree
of freedom j. Using the expliit expression for the Hamiltonian, Eq. (6), the ioni fore P˙j an be broken down
into onservative,
F cj = −
∂U
∂Qj
+ 〈Xj〉eq (21)
5
and the stohasti, ∆Xj = Xj −〈Xj〉eq, parts, P˙j = F
c
j +∆Xj , where Xj = −
∂Φ
∂Qj
is the instantaneous fore ating
on the degree of freedom j due to the eletroni (i.e. quantum) subsystem. Therefore, using Eq. (14), one obtains
that
Fj = −
∫
f(P,Q, t)
〈
P˙j
〉
eq
dΓ = −
∫
f(P,Q, t)F cj dΓ = −
〈
F cj
〉t
rel
(22)
whih demonstrates that the Lagrange multiplier Fj orresponds to the average of the onservative fore.
By denition, 〈∆Xj〉eq = 0. However, using Eq. (14), one an also hek that the average of the stohasti part
of the fore with respet to the relevant distribution is also zero:
〈∆Xj〉
t
rel = 0 (23)
The relevant distribution has a number of properties whih are proven to be useful in our forthoming analysis.
Firstly, sine ρrel is equal to a produt of a part, depending only on lassial variables, and the quantum operator,
e−βHq , it ommutes with the Hamiltonian, H , Eq. (6). Therefore,
iLˆqρrel = 0 and e
iLˆqtρrel(t
′) = ρrel(t
′) (24)
Next, onsider the relevant distribution average
〈
P˙jψ(Q)
〉t
rel
, where ψ(Q) is some funtion of the lassial
oordinates. Using the expliit expression for ρrel, Eq. (12), trae identity (19) and integration by parts, one
obtains: 〈
P˙jψ(Q)
〉t
rel
= −
1
β
〈
∂ψ
∂Qj
〉t
rel
+
〈
F cj
〉t
rel
〈ψ(Q)〉trel
Note that P˙j inside the angle brakets in the left hand side of this formula an be replaed with F
c
j sine P˙j =
F cj +∆Xj , and the quantum equilibrium average of the stohasti fore is equal to zero:
〈∆Xjψ〉
t
rel =
∫
ψ(Q)f(P,Q, t)tr (ρeq∆Xj) dΓ ∼ 〈∆Xj〉eq = 0
due to Eq. (14). Therefore, by taking ψ = Qi and ψ = F
c
i , we obtain the following two useful relationships:〈
F cjQi
〉t
rel
−
〈
F cj
〉t
rel
〈Qi〉
t = −
1
β
δij (25)
〈
F cj F
c
i
〉t
rel
−
〈
F cj
〉t
rel
〈F ci 〉
t
rel = −
1
β
〈
∂F ci
∂Qj
〉t
rel
(26)
Sine the left hand side in the seond identity is symmetrial with respet to indies i and j, we also have the
symmetry relation for the relevant average of the derivative of the onservative fore:
〈
∂F cj
∂Qi
〉t
rel
=
〈
∂F ci
∂Qj
〉t
rel
.
Another useful expression is obtained by dierentiating both sides of
〈Qi〉
t
= 〈Qi〉
t
rel =
∫
tr (Qiρrel) dΓ =
∫
Qif(P,Q, t)dΓ
with respet to 〈Qj〉
t
. Realling that only the Lagrange multipliers {Fj} in f(P,Q, t) (both in the exponential and
in the Z) depend expliitly on 〈Qi〉
t
, we obtain:
1
β
δij =
∑
j
∂Fi
∂ 〈Qj〉
tLij (27)
where L =
∥∥∥〈QiQj〉trel − 〈Qi〉t 〈Qj〉t∥∥∥ is a symmetri matrix. It follows from this that the derivative ∂Fi∂〈Qj〉t = ∂Fj∂〈Qi〉t
is also symmetri. Beause of Eq. (22), the derivative of
〈
F cj
〉t
rel
with respet to 〈Qi〉
t
is also symmetri:
∂ 〈F ci 〉
t
rel
∂ 〈Qj〉
t =
∂
〈
F cj
〉t
rel
∂ 〈Qi〉
t
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To obtain a perturbative solution of the Liouville equation in Setion 3.3, some other expressions involving the
relevant distribution are needed. By dierentiating ρrel of Eq. (12) with respet to the lassial oordinates and
momenta, one gets:
∂ρrel(t)
∂Pj
=
β
Mj
(
〈Pj〉
t
− Pj
)
ρrel (28)
∂ρrel(t)
∂Qj
= β
[
−
〈
P˙j
〉t
rel
+ F cj +
∫ β
0
∆˜Xj(iλ~)dλ
]
ρrel (29)
where we have used Eqs. (17), (18) and (22), and ∆˜Xj(x) = e
ixHq/~∆Xje
−ixHq/~
is the stohasti fore in the
Heisenberg representation.
Finally, one an also alulate derivatives of ρrel with respet to the Lagrange multipliers, remembering that
the partition funtion Z also depends on them:
∂ρrel(t)
∂Vj
= β
(
Pj − 〈Pj〉
t
)
ρrel(t) (30)
∂ρrel(t)
∂Fj
= β
(
Qj − 〈Qj〉
t
)
ρrel(t) (31)
3.2 Equations of motion for ions
In order to derive EoM for ions, we should alulate the time derivatives of the exat averages 〈Pj〉
t
and 〈Qj〉
t
.
Using the Liouville equation with broken time-reversal symmetry, Eq. (1), and identity (9), one obtains:
d
dt
〈Qn〉
t
= Tr
(
∂ρ(t)
∂t
Qn
)
= Tr
(
ρ
(
iLˆQn
))
=
〈Pn〉
t
Mn
(32)
where we have also used the fat that iLˆQn = iLˆcQn = Pn/Mn. Note that the term in the right hand side of the
Liouville equation (1) does not ontribute due to the self-onsisteny onditions (11). Similarly, using Eq. (9), we
get:
d
dt
〈Pn〉
t
= Tr
(
ρ
(
iLˆPn
))
=
〈
P˙n
〉t
=
〈
P˙n
〉t
rel
+ Tr
(
P˙n∆ρ
)
(33)
where ∆ρ = ρ− ρrel is the dierene between the exat and the relevant statistial operators. The obtained EoMs
are similar to Newtonian ones of the ordinary Moleular Dynamis [1, 2℄ sine the right hand side of Eq. (33)
orresponds to the atual fore
〈
P˙n
〉t
ating on degree of freedom j. However, this fore depends, in a rather
non-trivial way, on the time evolution of the exat statistial operator ρ(t) whih satises the Liouville equation
(1). Note that ρ(t) is the statistial operator for the whole system, omprising both nulei and eletrons, and no
attempt has been made to fatorise ρ in any way here.
The ion fore
〈
P˙n
〉t
rel
alulated with respet to the relevant distribution depends expliitly on time via the
Lagrange multipliers; the latter are some funtions of the exat expetation values 〈Pj〉
t
and 〈Qj〉
t
as it has been
disussed above. Similarly, the trae in the right hand side of Eq. (33) would depend on the Lagrange multipliers
and thus on the same expetation values. One an see that the kineti equations written above orrespond to some
non-linear dierential equations for the observables 〈Pj〉
t
and 〈Qj〉
t
. To obtain these equations in the expliit form,
we have to obtain an expliit expression for ∆ρ(t) by solving the Liouville equation (1). This will be done in the
next subsetion using a kind of a perturbation theory (f. Refs. [14, 13℄) in whih the square root of the relative
mass of the eletron and nuleus,
√
m/M , is used as a small parameter.
3.3 Perturbative solution of the Liouville equation: the rst order
Formally, the exat solution of the Liouville equation (1) with respet to the ∆ρ(t) an be written as [12℄
∆ρ(t) = −
∫ 0
−∞
ds eεseis
bL
(
∂
∂r
+ iL̂
)
ρrel(r) (34)
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where r = t+ s. Here L̂ is the ombined Liouville operator, Eq. (3), ontaining both lassial and quantum parts.
In order to apply the perturbation theory, we have to alulate the quantity
(
∂
∂r + iL̂
)
ρrel(r). This alulation
onsists of several steps whih will be outlined below.
Firstly, iL̂ρrel = iL̂cρrel due to Eq. (24). The ation of the lassial Liouville operator (8) on the relevant
distribution is obtained using Eqs. (28) and (29) and is as follows:
iL̂cρrel(r) =
∑
j
β
Mj
{[
〈Pj〉
r
F cj − Pj
〈
F cj
〉r
rel
+ Pj
∫ β
0
∆˜Xj(iλ~)dλ
]
ρrel(r)
+
1
2
(〈Pj〉
r
− Pj) (∆Xjρrel(r) + ρrel(r)∆Xj)
}
(35)
To alulate the time derivative of the relevant distribution, we note that it omes entirely from the Lagrange
multipliers. The latter depend on time through the observables 〈Pj〉
t
and 〈Qj〉
t
whih satisfy Eqs. (33) and (32),
respetively. Also, we note that if Vj depends diretly only on 〈Pj〉
t
, the other Lagrange multiplier, Fj , depends on
all average oordinates
{
〈Qj〉
t
}
. Therefore,
∂ρrel(r)
∂r
=
∑
j
(
∂ρrel(r)
∂Vj
∂Vj
∂r
+
∂ρrel(r)
∂Fj
∂Fj
∂r
)
=
∑
j
β
Mj
(Pj − 〈Pj〉
r
)
[〈
P˙j
〉r
rel
+ Tr
(
P˙j∆ρ(r)
)]
ρrel(r)
−
∑
ij
β
Mi
∂
〈
F cj
〉r
rel
∂ 〈Qi〉
r (Qj − 〈Qj〉
r
) 〈Pi〉
r
ρrel(r) (36)
where the use have been made of Eqs. (30)-(33) as well.
Thus, the required quantity
(
∂
∂r + iL̂
)
ρrel(r) is available now as a sum of two expressions, (35) and (36), given
above. These are to be ated with the exponential Liouville operator, eis
bL
(see Eq. (34)). In turn, the Liouville
operator onsists of the quantum, iL̂q, and lassial, iL̂c, parts. Similarly to the argument of Refs. [13, 14℄, we
argue that the lassial part of iL̂ an be onsidered as being muh smaller than its quantum ounterpart. Indeed,
on average, one an assume that the lassial momentum Pj is of the order of M
1/2
, where M is a harateristi
mass of the ions. Then, aording to Eq. (8), iL̂c ∼ M
−1/2
sine the fores P˙j depend only on ioni positions,
not on their masses. Hene, the exponential operator, eis
bL = es[i
bLq+ibLc]
, an be expanded in a power series with
respet to the small Liouville operator iL̂c. This an be done systematially (and expressed via the time-ordered
exponential operator, see, e.g., Chapter 6.1.1 in [23℄); here we shall only need the rst two terms:
eis
bL =
[
1 +
∫ 1
0
eixs
bLq
(
isL̂c
)
e−ixs
bLqdx+ . . .
]
eis
bLq
(37)
In this Setion we shall limit ourself with the very rst term in this expansion, i.e. we replae the ombined Liouville
operator in Eq. (34) with its quantum part. Then, sine the ation of the quantum exponential Liouville operator
on any quantum operator A is simply equal to its Hermitian onjugate, eis
bLqA = A˜(s), we obtain in this order of
the perturbation theory, using Eqs. (35) and (36):
∆ρ(t) = −
∫ 0
−∞
ds eεs
∑
j
β
Mj
[
〈Pj〉
r
(
F cj −
〈
F cj
〉r
rel
)
+ (Pj − 〈Pj〉
r)Tr
(
P˙j∆ρ(r)
)
+Pj
∫ β
0
∆˜Xj(iλ~+ s)dλ
]
ρrel(r) −
∑
j
β
2Mj
(Pj − 〈Pj〉
r)
(
∆˜Xj(s)ρrel(r) + ρrel(r)∆˜X j(s)
)
−
∑
ij
β
Mi
〈Pi〉
r ∂
〈
F cj
〉r
rel
∂ 〈Qi〉
r (Qj − 〈Qj〉
r) ρrel(r)
 (38)
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It is seen that this is atually an integral equation for ∆ρ sine it is present inside the integral (and the trae) as
well. Therefore, it an be solved by iterations. To do this, we must analyse every term in the above expression with
respet to the small parameter of our perturbation theory. It follows then that eah term, apart from the term with
the trae, is of the order of P/M ∼ M−1/2 (beause of Eq. (27), the derivative
∂〈F cj 〉
r
rel
∂〈Qi〉
r should be onsidered as
of the zero order with respet to M). Thus, in order to obtain ∆ρ(t) in the rst order, one an simply drop the
trae term in the right hand side. We then immediately see that this partiular approximation for ∆ρ, whih will
be referred to in the following as ∆ρ1, does not break down the normalisation of the density operator sine, as it
an easily be heked by diret alulation, Tr (∆ρ1) = 0.
Hene, dropping the trae term above, substituting the resulting expression for ∆ρ1 into the kineti equation
(33), and realling that the fore P˙n = F
c
n + ∆Xn, we get two terms: Tr (F
c
n∆ρ1(t)) =
∫
F cntr (∆ρ1) dΓ and∫
tr (∆ρ1(t)∆Xn) dΓ. The quantum trae of ∆ρ1, needed for the rst term, is obtained diretly from Eq. (38) by
using the following identities:
tr (ρrel(r)) = f(P,Q, r)
tr
(
ρrel(r)∆˜Xk(s)
)
= f(P,Q, r) tr (ρeq∆Xk) = 0
where the yli invariane of the trae was used to obtain the seond identity. Thus, we obtain:
tr (∆ρ1(t)) = −
∫ 0
−∞
ds eεs
∑
j
β
Mj
{
〈Pj〉
r
(
F cj −
〈
F cj
〉r
rel
)
−
∑
i
〈Pj〉
r ∂
〈
F cj
〉r
rel
∂ 〈Qi〉
r (Qi − 〈Qi〉
r
)
}
f(P,Q, r)
and, therefore,
Tr (F cn∆ρ1(t)) = −
∫ 0
−∞
ds eεs
∑
j
β
Mj
〈Pj〉
r
{(〈
F cnF
c
j
〉r
rel
− 〈F cn〉
r
rel
〈
F cj
〉r
rel
)
−
∑
i
∂
〈
F cj
〉r
rel
∂ 〈Qi〉
r (〈F
c
nQi〉
r
rel − 〈F
c
n〉
r
rel 〈Qi〉
r
)
}
This latter expression an be greatly simplied by virtue of Eqs. (25) and (26):
Tr (F cn∆ρ1(t)) =
∫ 0
−∞
ds eεs
∑
j
1
Mj
[〈
∂F cj
∂Qn
〉r
rel
−
∂
〈
F cj
〉r
rel
∂ 〈Qn〉
r
]
〈Pj〉
r
(39)
Note that both derivatives inside the square brakets are symmetri with respet to the permutation of their indies.
We shall now turn to the seond term, Tr (∆ρ1∆Xn), arising in the right hand side of the kineti equation, and
substitute ∆ρ1 there. Noting that the trae Tr
(
F cj∆Xnρrel
)
is equal to zero due to tr (∆Xnρeq) = 0, and the fat
that ∫
Pjρrel(r)dPj = 〈Pj〉
r
∫
ρrel(r)dPj (40)
whih follows from the expliit dependene of ρrel on the lassial momenta and Eq. (17), we obtain:
Tr (∆ρ1∆Xn) = −
∫ 0
−∞
ds eεs
∑
j
β
Mj
〈Pj〉
r
(Xn, Xj(s))
r
rel (41)
where we have introdued the non-equilibrium orrelation funtion of the utuation of the ioni fore (f. [14, 13℄):
(Xn, Xk(s))
r
rel =
∫ β
0
〈
∆Xn∆˜Xk(i~λ+ s)
〉r
rel
dλ =
∫
dQ f(Q, r)
∫ β
0
〈
∆Xn∆˜Xk(i~λ+ s)
〉
eq
dλ (42)
The last passage in the above formula is due to the fat that the relevant distribution average under the λ−integral
depends only on the Q variables sine the P integration an be performed diretly. Combining Eqs. (39) and (41),
we nally obtain the kineti equation for the ioni momenta in the following form:
d 〈Pn〉
t
dt
= 〈F cn〉
t
rel +
∑
j
∫ 0
−∞
ds eεs
{[〈
∂F cj
∂Qn
〉r
rel
−
∂
〈
F cj
〉r
rel
∂ 〈Qn〉
r
]
− β (Xn, Xj(s))
r
rel
}
〈Pj〉
r
Mj
(43)
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This is the desired equation of motion for ions. In the right hand side it ontains the total fore ating on ion n
due to other ions. Their interation and energy exhange with all the eletrons are also ompletely aounted for.
We also note that we have not made any assumptions as to whether eletroni subsystem is in its ground state,
it is in general a weighted sum of the ground and exited eletroni states (see also below). In other words, this
desription goes beyond the adiabati approximation.
The rst term in the right hand side of Eq. (43) gives the onservative fore orresponding to ioni positions at
time t:
〈F cn〉
t
rel =
∫
F cn(Q)f(Q, t)dQ (44)
The seond term in the right hand side of Eq. (43) gives a orretion arising due to utuation of the ioni fore.
Similarly to the frition fore ating on a Brownian partile immersed in a liquid, this fore appears to be linear with
the ions momenta. Indeed, the orrelation funtion and derivatives inside the square brakets do not depend on the
expetation values 〈Pj〉
t
sine the P integration in those terms an be performed expliitly and all the Lagrange
multipliers {Vj} disappear exatly. Moreover, the derived frition is non-Markovian, i.e. inludes memory eets.
Thus, we onlude, the rigorous non-equilibrium statistial mehanial treatment of a system omposed of ions
and eletrons results in Newton-like equations of motion for average ioni momenta that additionally ontain frition
fores due to energy exhange with the eletroni subsystem maintained at the given temperature T .
The obtained equations are very ompliated beause of the relevant distribution used in the right hand side
whih depends on the observables 〈Pj〉
t
and 〈Qj〉
t
in a rather ompliated way. In the next subsetion a reasonable
approximation will be oered whih results in a signiant simpliation of these equations.
3.4 Saddle-point approximation
Let us onsider a relevant distribution average of some funtion, ζ(Q), depending only on lassial oordinates:
〈ζ(Q)〉
t
rel =
∫
ζ(Q)f(Q, t)dQ
where the Q-distribution is given expliitly by Eq. (16). Let {ψm(q,Q); m = 0, 1, 2, . . .} is the omplete set of
eletroni wavefuntions, depending parametrially on the positions of ions Q. The wavefuntions ψm are the
eigenvetors of the eletroni Hamiltonian, i.e. Hqψm = (εm − µ)ψm. Then, it is easily seen that the partition
funtion of the Q−distribution, f(Q, t), an be written as a sum:
ZQ =
∫
e−βℜ(Q)
(
1 +
∞∑
m=1
e−β∆εm(Q)
)
dQ (45)
where
ℜ(Q) = ε0(Q)− µ+ U(Q) +
∑
j
〈
F cj
〉t
rel
Qj (46)
and ∆εm(Q) = εm(Q)− ε0(Q) are exat eletroni exitation energies for the given geometry of the nulei, Q. We
assume hereafter that the ground state is non-degenerate for any geometry, and thus all the exitation energies are
stritly positive. Moreover, we assume that for any geometry Q there is a gap between the ground and the rst
exited states, and the ground state energy in the external eld, ε0(Q) + U(Q), has a minimum at some geometry
Q0. Of ourse, the minimum will be aeted by the last term in Eq. (46), however, we assume that this term does
not hange signiantly the potential energy surfae of the ground state. Therefore, the funtion ℜ(Q) will still
have a minimum at some geometry Qt (the subsript reets the fat that, beause of the last term in Eq. (46), the
minimum geometry Qt will depend on time), and thus an be expanded in a series with respet to the dierene
Q −Qt:
ℜ(Q) = ℜ(Qt) +
1
2
∑
ij
(
∂2ℜ
∂Qi∂Qj
)
Qt
(
Qi −Q
t
i
) (
Qj −Q
t
j
)
+ . . .
where the matrix
∥∥∥∥( ∂2ℜ∂Qi∂Qj )Qt
∥∥∥∥ of seond derivatives is positively dened (sine Qt is the minimum). Hene, the
funtion e−βℜ(Q) will be highly peaked around Qt, whereas the funtion in the round brakets in Eq. (45) an
be assumed to be a rather slowly hanging with Q and an thus be taken away from the Q-integral with all ioni
positions alulated at Q ≡ Qt. A simple alulation in the spirit of the well-known saddle-point approximation
will then show that the distribution funtion f(Q, t) eetively serves as a Delta funtion δ (Q−Qt) giving for the
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average of any slowly hanging funtion of ioni positions, ζ(Q), the following simple result: 〈ζ(Q)〉trel ≃ ζ(Q
t).
Further, if we onsider speially ζ(Q) ≡ Qj , then we obtain that 〈Qj〉
t
= 〈Qj〉
t
rel should be replaed with Q
t
j .
Thus, we onlude that in a onsistent appliation of the saddle point approximation, one replaes the averages
〈ζ(Q)〉trel, alulated with respet to the Q−distribution, with the orresponding funtions ζ alulated at exat
average ioni positions at time t, namely:
〈ζ(Q)〉
t
rel ≃ ζ
(
〈Q〉
t
)
(47)
In partiular, this result an be applied to the non-equilibrium orrelation funtion of Eq. (42) resulting in a
muh simpler expression for it:
(Xn, Xk(s))
t
rel ≃
[∫ β
0
〈
∆Xn∆˜Xk(i~λ+ s)
〉
eq
dλ
]
Q=〈Q〉t
= (Xn, Xk(s))
〈Q〉t
eq (48)
Thus, the orrelation funtion depends diretly on a single time s; however, the statistial average is to be alulated
over the equilibrium distribution ρeq orresponding to ions xed in their exat positions 〈Q〉
t
at another time t.
Using the same approah, one an also verify that the term in the square brakets in the right hand side of the
equation of motion (43) an be dropped. Indeed, sine the onservative fores F cj depend entirely on ioni positions,
we an write: 〈
∂F cj
∂Qn
〉r
rel
≃
(
∂F cj
∂Qn
)
Q=〈Q〉r
=
∂F cj (〈Q〉
r
)
∂ 〈Qn〉
r
and, at the same time,
∂
〈
F cj
〉r
rel
∂ 〈Qn〉
r ≃
∂F cj (〈Q〉
r
)
∂ 〈Qn〉
r
Therefore, within the saddle-point approximation, the dierene of derivatives in the square brakets in the equation
of motion (43) is equal to zero. Following the same arguments and replaing the onservative fore 〈F cn〉
t
rel in the
equation of motion with F cn
(
〈Q〉
t
)
, we obtain:
d 〈Pn〉
t
dt
= F cn
(
〈Q〉t
)
−
∑
j
β
Mj
∫ 0
−∞
ds eεs (Xn, Xj(s))
〈Q〉t
eq 〈Pj〉
r
(49)
whih is the nal result.
We see that, if not for the frition term, the equations of motion would have orresponded exatly to the
Newton's equations of motion for ions: in the left hand side we have the time derivative of ion n momentum, while
in the right hand side - the total statistially averaged fore ating on this ion at the given temperature:
F cn
(
〈Q〉t
)
=
〈
−
∂H
∂Qn
〉Q=〈Q〉t
eq
= −
∂U
∂Qn
+
[
Z−1eq
∑
m
e−β(εm−µ) 〈ψm| −
∂Hq
∂Qn
|ψm〉
]
Q=〈Q〉t
= −
∂U
∂Qn
+
[
Z−1eq
∑
m
e−β(εm−µ)
(
−
∂εm
∂Qn
)]
Q=〈Q〉t
(50)
where Zeq =
∑
m exp (−β (εm − µ)). Here, −
∂εm
∂Qn
is the fore ating on ion n (due to eletrons and nulei) when the
eletroni subsystem is in eletroni state m (i.e. on the adiabati potential energy surfae, εm(Q), orresponding
to eletroni state m).
Note that atomi positions, 〈Q〉
t
, orrespond exatly to the averaged ioni momenta, 〈P 〉
t
, see Eq. (32). The
obtained equations of motion are more general than those of ordinary Moleular Dynamis. Indeed, in standard
MD the fores do not depend on temperature and are alulated as in Eq. (50) from the onservative part taking
only the eletroni ground state into aount,
F cn ≃ −
∂U
∂Qn
+ 〈ψ0| −
∂Hq
∂Qn
|ψ0〉 = −
∂ (U + ε0)
∂Qn
(the Car-Parinello ground state ab initio MD simulations [4℄ being an obvious example). Therefore our equations
may serve as a justiation of MD simulations whih go beyond the Born-Oppenheimer approximation (see, e.g.
[11℄), where, when alulating the fore ating on an ion, it is assumed expliitly that the eletroni subsystem may
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oupy both ground and exited eletroni states. In fat, in omplete agreement with the priniples of quantum
statistial mehanis, we show that there is a ertain probability for the eletroni subsystem to oupy every state
at the same time, whih, one must admit, is somewhat dierent from most of the non-adiabati omputational
tehniques [6℄ in whih it is usually assumed that only one state an be oupied at every single time step.
We also observe that a onsistent non-equilibrium treatment results in additional terms in the equations of
motion whih are proportional to the ions momenta and thus have the meaning of frition, related to the energy
exhange between the ions and the eletrons; the latter serving as a thermostat held at a given temperature.
Thus, our rigorous treatment justies the usage of eletroni frition terms in MD simulations [11℄ and explains
their physial origin.
3.5 Non-equilibrium orrelation funtions
Sine the operator of the atomi fore, Xi = −
∂Φ
∂Qi
=
∑N
k=1 xi(rk), is a derivative of the eletron-phonon interation
energy, Φ(q,Q) =
∑N
k=1 φ(rk, Q), it is a one-partile operator,
Xi =
∑
ab
X iabc
†
acb
(where c†a and cb are reation and annihilation operators in some basis set of spin-orbitals) and X
i
ab = 〈a|xi(r) |b〉.
Here xi(r) = −
∂φ(r,Q)
∂Qi
is the fore on atom i due to a single eletron at r, φ(r, Q) being the interation energy of
this eletron with all nulei. Hene in general, the orrelation funtion (48) is a two-partile equilibrium statistial
average, ontaining four c-operators, and thus annot be alulated exatly in the general ase.
The alulation is straightforward if the Hamiltonian Hq =
∑
ab habc
†
acb is a one-partile operator (e.g. in the
Hartree-Fok approximation). Indeed, in this ase one an diagonalise the Hamiltonian,
Hq =
∑
σ
ξσd
†
σdσ
where
dσ =
∑
a
e∗σaca, d
†
σ =
∑
a
eσac
†
a (51)
and ξσ and eσ = ‖eσa‖ are the eigenvalues and the eigenvetors of the matrix h = ‖hab‖, and therefore express the
operators Xi and Xj via the operators d
†
σ and dσ, e.g.
Xi =
∑
σσ′
x
(i)
σσ′d
†
σdσ′ , x
(i)
σσ′ =
∑
ab
X iabe
∗
σaeσ′b (52)
Sine the alulation of the operators d˜†σ(t) and d˜σ(t) in the Heisenberg representation is simple, we obtain:
(Xi, Xj(t))eq =
∑
σσ′
x
(i)
σσ′x
(j)
σ′σnσ (1− nσ′)χ (ξσ′ − ξσ) e
i(ξσ′−ξσ)t/~
(53)
where nσ =
(
eβ(ξσ−µ) + 1
)−1
and χ(E) = E−1
(
1− e−βE
)
if E 6= 0 and χ(0) = β. Note that the supersript 〈Q〉
t
to the orrelation funtion has been omitted to simplify the notations.
When the eletron-eletron interation is aounted for expliitly, one has to develop more powerful methods.
First we note that the orrelation funtion, Eq. (48), may be onsidered as a partiular ase of a more general
orrelation funtion dened for any two quantum operators A and B as follows:
(A(t1), B(t2))eq =
∫ β
0
dλ tr
[
A˜(t1)B˜(t2 + iλ~)ρeq
]
≡
∫ β
0
dλ
〈
A˜(t1)B˜(t2 + iλ~)
〉
eq
(54)
This orrelation funtion obeys some simple symmetry properties:
(A(t1), B(t2))eq = (A,B(t2 − t1))eq = (A(t2), B(t1))eq (55)
whih follow from the yli invariane of the trae (hange of variables λ→ λ1 = β − λ is also neessary to obtain
the last equality).
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An expliit expression for the orrelation funtion an be obtained using the omplete set, {ψn}, of the eigen-
vetors of the eletroni Hamiltonian (i.e. Hqψn = εnψn):
(A,B(t))eq =
∑
nm
ρnχ(Em − En) 〈ψn|A |ψm〉 〈ψm|B |ψn〉 e
i(εm−εm)t/~
(56)
where ρn = Z
−1
eq e
−β(εn−µN)
. It is also onvenient to introdue the spetral funtion (matrix) as the Fourier
transform of the orrelation funtion:
(A,B(t))eq =
1
2π
∫ ∞
−∞
eiωtJAB(ω)dω (57)
where
JAB(ω) = 2π~
∑
nm
ρnχ(Em − En) 〈ψn|A |ψm〉 〈ψm|B |ψn〉 δ (εm − εn − ~ω) (58)
whih satisfy the following symmetry properties:
JAB(ω) = JBA(−ω) = JBA(ω)
∗
(59)
Unfortunately, it appears impossible to develop systematially a perturbation theory for the diret alulation of
the orrelation funtion (54). It has been found, however, that suh a perturbation theory exists for the equilibrium
statistial average inside the λ−integral, i.e for the
〈
A˜(t1)B˜(t2 + iλ~)
〉
eq
. One the statistial average is alulated,
the orrelation funtion follows immediately. The method is based on a relationship between the orrelation funtion
above and the Matsubara Green's funtions (e.g. [22, 23℄); this is revealed in Appendix. Therefore, one an use
the perturbation expansion (and thus the powerful diagrammati tehniques) to aount for the eletron-eletron
interations in alulating the orrelation funtion appearing in Eq. (48).
3.6 Perturbative solution of the Liouville equation: seond order
The formulae developed in the previous Setions orrespond to the rst order approximation as we kept only terms
of the order of M−1/2. This treatment an be systematially extended to higher orders. Unfortunately, this results
in very umbersome expressions even in the seond order. Therefore, in this Setion we shall simply outline the
main idea of how the extension to higher orders an be done.
We start from Eq. (34) and replae the exponential operator there with its expansion given by Eq. (37). After
that, we reall that the operator
(
∂
∂r + iL̂
)
ρrel(r) ontains the trae of ∆ρ as well (see Eq. (36)) and thus this
dependene must also be inluded in developing the perturbative expansion. For instane, one gets for the next
order term:
∆ρ2(t) = −
∫ 0
−∞
ds eεs
∑
j
β
Mj
(Pj − 〈Pj〉
r
) ρrel(r)Tr
(
P˙j∆ρ1(r)
)
−
∫ 0
−∞
ds eεs
∫ 1
0
dx eixs
bLq
(
isL̂c
)
e−ixs
bLqe−isbLq Â (60)
where Â is obtained by removing the trae term in the operator
(
∂
∂r + iL̂
)
ρrel(r) (see Eqs. (35) and (36)) and
∆ρ1 is the rst order term given by Eq. (38).
First of all, it an easily be shown that Tr (∆ρ2) = 0, i.e. this orretion is onsistent as well with the orret
normalisation of the statistial operator. Indeed, the trae of the rst term in Eq. (60) vanishes due to integration
over Pj in the lassial part of the trae and Eq. (40). The seond term also does not ontribute to the trae of
∆ρ2 due to the yli invariane of the trae and the operator identity (10) (the operator Â is proportional to the
relevant distribution and thus vanishes at the boundaries of the lassial phase spae).
It an also be shown that any order orretion to the statistial operator, ∆ρn, has zero trae and hene does
not break down the normalisation of the statistial operator.
Using the expliit expression for ∆ρ2 given above, one an alulate its ontribution to the fore, Tr
(
P˙n∆ρ2(t)
)
,
in the right-hand side of the equations of motion (33). The ontribution is very umbersome (and is only due to the
seond term in Eq. (60)) and won't be reprodued here. We only note that it is proportional to the square of the
atomi momenta, i.e. it ontains terms proportional to 〈Pj〉
r 〈Pk〉
r
. Higher order terms ontain more produts of
the atomi momenta. Also, muh more ompliated orrelation funtions appear as the kernels of the time integrals
in the ontribution to the fore.
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4 Conlusions
In this paper we have onsidered, using intrinsially non-equilibrium statistial mehanial theory, a system of fast
(eletrons) and slow (atoms) partiles whih interat with eah other and may interhange their energy. The system
is enlosed in a thermal bath kept at a onstant temperature. In our treatment, the ombined quantum-lassial
onsideration was used: the slow degrees of freedom (atomi oordinates) were treated lassially, while the fast
variables (eletrons) quantum mehanially. No assumption was made onerning the struture of the statistial
operator; in partiular, it is not in any way fatorised. In addition, the eletroni subsystem was treated exatly
with omplete inlusion of eletron-eletron interation.
We show, by assuming that the lassial degrees of freedom are muh heavier than the quantum ones, that
equations of motion for the former (i.e for atoms) ontain the onservative and frition fores. The onservative
fores are statistially averaged over the eletroni states. The frition fore, whih is stritly proportional to the
atoms momenta, is expressed via the orrelation funtion of the utuating fore with whih eletrons at on the
atoms (i.e. due to the utuation of the eletron-phonon interation). The orrelation funtion an be expressed via
two-eletron Matsubara Green's funtion and thus alulated using the well-developed perturabtion diagrammati
tehniques.
The theory presented here gives a solid foundation for a number of intuitive theories based on MD simulations
whih go beyond the Born-Oppenheimer approximation (see, e.g. [11, 6℄). We also justify the usage of eletroni
frition terms in MD simulations [11℄ and explain their physial origin.
In our method it was assumed that on average the eletroni subsystem is in thermodynami equilibrium. For
instane, the theory developed here is appliable to ordinary Moleular Dynamis when atoms move along lassial
trajetories. However, the theory an also be applied in other ases in whih the eletroni subsystem is in a
steady state, i.e. whih, on average (more preisely, over the timesale assoiated with atomi motion), is not time
dependent (is stationary), for instane, stationary eletroni or heat ondutane in an atomi wire [9, 6℄.
A number of avenues exist in developing our theory further. Firstly, as has been mentioned above, we have
assumed in our treatment that eletrons quikly reah thermodynami equilibrium during the motion of atoms.
In some ases this assumption will not be valid, e.g. when onsidering non-elasti eets during a nonstationary
ondutane in a system. In these and similar ases one has to inlude additional relevant variables into the
onsideration, e.g. time dependent eletroni density matrix as in the kineti theories [12℄. This approah would
result in an additional kineti equation for the density to be solved simultaneously with the atomi motion onsidered
here. Seondly, another possible extention is onerned with onsidering nulei quantum mehanially as well. This,
however, is muh more diult and may be done by e.g. starting from the method developed in Ref. [9℄.
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Appendix
In this Appendix we shall relate the orrelation funtion (48) with the thermodynami Matsubara Green's funtion
(e.g. [22, 23℄). We shall start by dening a omplex time Green's funtion for two arbitrary operators A and B
as follows:
GAB(x1, x2) = −tr
[
ρeqT̂x
(
A(x1)B(x2)
)]
(61)
where the quantum operators A and B appearing in the Green's funtion are written in the speial representation
dened with respet to a single real parameter x. This spei representation whih will be designated in what
follows with the bar over the operator symbol, is given by
A(x) = eiτ(x)Hq/~Ae−iτ(x)Hq/~ (62)
where the omplex time τ(x) = ζx is introdued whih ontains the omplex prefator ζ = − (t+ iλ~) /λ and
hanges linearly with x, so that τ(0) = 0 and τ(−λ) = t+ iλ~. The operator T̂x performs hronologial ordering of
the operators A(x1) and B(x2), so that x inreases from right to left:
T̂λ
(
A(x1)B(x2)
)
= θ (x1 − x2)A(x1)B(x2) + ηθ (x2 − x1)B(x2)A(x1) (63)
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where η = ±1 orresponds to the sign aquired when hanging the order of the operators A(x1) and B(x2); θ(x) is
the Heviside step funtion.
Using the yli invariane of the trae, it is easy to see that the Green's funtion (61) atualy depends only on
the dierene x = x1 − x2:
GAB(x1, x2) ≡ GAB(x) = −θ (x)
〈
AB(−x)
〉
eq
− ηθ (−x)
〈
B(−x)A
〉
eq
The orrelation funtion we would like to alulate,
〈
AB˜(t+ iλ~)
〉
eq
with 0 < λ < β, is equal diretly to the
minus Green's funtion GAB(0,−λ) ≡ GAB(λ). Moreover, using eigenvetors and eigenvalues of the Hamiltonian,
Hqψn = (εn − µN)ψn, one obtains:〈
AB(−x)
〉
eq
=
∑
nm
ρn 〈ψn|A |ψm〉 〈ψm|B |ψn〉 e
i(εm−εn)xt/λ~e−x(ǫm−ǫn), x > 0 (64)
〈
B(−x)A
〉
eq
=
∑
nm
ρn 〈ψn|A |ψm〉 〈ψm|B |ψn〉 e
i(εm−εn)xt/λ~e−(x+β)(ǫm−ǫn), x < 0 (65)
where ρn = Z
−1
eq e
−β(ǫn−µN)
. It is easily veried (by splitting eah double sum into two ontributions with positive
energy dierenes eah) that the rst orrelation funtion, Eq. (64), onverges for x < β (and x > 0), while the
seond one for x > −β (and x < 0). Therefore, x is limited to the interval −β < x < β .
Note also that the above orrelation funtions an also be written as Fourier integrals:
GAB(x) = −
〈
AB(−x)
〉
eq
=
∞∫
−∞
dω
2π
IAB(ω)e
iωxt/λe−xω~, x > 0
GAB(x) = −η
〈
B(−x)A
〉
eq
= η
∞∫
−∞
dω
2π
IAB(ω)e
iωxt/λe−(x+β)ω~, x < 0
where the spetral funtion
IAB(ω) = −2π
∑
nm
ρn 〈ψn|A |ψm〉 〈ψm|B |ψn〉 δ
(
ǫm − ǫn
~
− ω
)
So far, the Green's funtion introdued above in Eq. (61) has been shown to possess properties very similar or
even idential to those of the Matsubara Green's funtion [22, 23℄. To strengthen this analogy, one an also expand
the Green's funtion into a Fourier series in the interval −β < x < β or notie that the two Green's funtions, for
−β < x < 0 and 0 < x < β, make a jump at x = 0:
lim
δ→+0
[GAB(δ)−GAB(−δ)] =
∞∫
−∞
dω
2π
IAB(ω)
(
1− ηe−β~ω
)
However, this analogy is not omplete; for instane, one an see from the integral representations of the Green's
funtion given above that GAB(x) for x < 0 is not related to the GAB(x + β) although they both share the same
spetral funtion IAB(ω).
At this point we are quite prepared to nd the relationship between the omplex time and the Matsubara
Green's funtions. To this end, we shall rst introdue the appropriate interation representation for the operators:
AI(x) = e
iτ(x)H0/~Ae−iτ(x)H0/~
where H0 is the Hamiltonian of non-interating eletrons, i.e. Hq = H0 +H
′
with H ′ being the eletron-eletron
interation. Then, the produt of two operators in the Green's funtion (61) an be written as
A(x1)B(x2) = U(0, x1)AI(x1)U(x1, x2)BI(x2)U(x2, 0) (66)
where
U(x1, x2) = e
iτ(x1)H0/~e−i(τ(x1)−τ(x2))Hq/~e−iτ(x2)H0/~ (67)
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is the evolution operator in our interation representation. The evolution operator dened above satises the
dierential equation (κ = iζ
~
= 1− it
~λ )
∂U(x1, x2)
∂x1
= −κH
′
I(x1)U(x1, x2)
whih an be onverted into an integral equation and then solved iteratively, giving as a solution:
U(x1, x2) = T̂x exp
(
−κ
∫ x1
x2
H
′
I(x)dx
)
(68)
Thus, the evolution operator an be expressed via the Tx-exponent. Note that κ atually depends on the partiular
values of t and λ used to dene the omplex times in the Green 's funtion arguments.
The fat that the evolution operator an be expressed via the hronologially ordered exponent allows for the
onsiderable simpliation of the hronologial produt of the two operators in the Green's funtion. Indeed, the
produt in Eq. (61) an be rewritten as
T̂x
(
A(x1)B(x2)
)
= T̂x
(
U(0, x1)AI(x1)U(x1, x2)BI(x2)U(x2, 0)
)
= T̂x
(
U(0, x1)U(x1, x2)U(x2, 0)AI(x1)BI(x2)
)
= T̂x
(
U(0, 0)AI(x1)BI(x2)
)
= T̂x
(
AI(x1)BI(x2)
)
(69)
where use has been made of the obvious properties of the evolution operator: U(x, x) = 1 and U(x1, x2)U(x2, x3) =
U(x1, x3). Thus, we see that the eletron-eletron interation an be atually eliminated entirely from the hrono-
logial produt of the operators in the Green's funtion.
Although the method developed below is valid for any operators A and B, we shall onsider the partiular
ase needed here when the operators are of the binary form given by Eq. (52) (note also that η = 1 in this
ase). To proeed, we reognise that the reation and annihilation operators, d†σ and dσ (in the representation that
diagonalises the Hamiltonian H0, see Setion 3.5), have a very simple form both in the standard thermodynami
(imaginary time) and our (omplex time) representations. To simplify the notations, we shall use from now on in
this Appendix a wavy line above operators for the usual thermodynami interation representation of the operators,
i.e. C˜I(x) = e
xH0Ce−xH0 . Then, one has:
dσI(x) = dσe
−iτ(x)ξσ/~, d
†
σI(x) = d
†
σe
iτ(x)ξσ/~
d˜σI(x) = e
xH0dσe
−xH0 = dσe
−xξσ , d˜†σI(x) = d
†
σe
xξσ
Therefore, any binary operator, A =
∑
σσ′ Aσσ′d
†
σdσ′ , when written in the omplex time interation representation,
AI(x), an easily be expressed as another operator A
′
written in the ordinary thermodynami representation, i.e.
AI(x) =
∑
σσ′
Aσσ′d
†
σ(x)dσ′ (x) =
∑
σσ′
A′σσ′ (x)d˜
†
σ(x)d˜σ′ (x) ≡ A˜
′
I(x)
with the new matrix of the oeients A
′(x) =
∥∥e(κ−1)x(ξσ−ξσ′ )Aσσ′∥∥ whih depends expliitly on x. This simple
result allows us to rewrite the hronologial produt of the operators of Eq. (69) as
T̂x
(
A(x1)B(x2)
)
= T̂x
(
AI(x1)BI(x2)
)
= T̂x
(
A˜′I(x1)B˜
′
I(x2)
)
(70)
In the nal expression above the produt of two operators appears exatly as in the thermodynami (Matsubara)
Green's funtion. To nish the transformation, we should introdue the evolution operator in the usual thermody-
nami representation:
U˜(x1, x2) = e
x1H0e−(x1−x2)Hqe−x2H0 ≡ T̂x exp
[
−
∫ x1
x2
H˜ ′I(x)dx
]
(71)
that satises the properties U˜(x1, x2)U˜(x2,, x3) = U˜(x1, x3) and U˜(x, x) = 1. The evolution operator enters the
equilibrium statistial operator, ρeq [22, 23℄:
ρeq = Z
−1
eq e
−β(H0+H′) = ρ0
T̂x exp
[
−
∫ β
0
H˜ ′I(x)dx
]
〈
T̂x exp
[
−
∫ β
0
H˜ ′I(x)dx
]〉0 = Z0Zeq ρ0U˜(β, 0) (72)
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where Zeq = Z0
〈
U˜(β, 0)
〉0
and the brakets 〈. . .〉
0
= tr [ρ0 . . .] orrespond to the statistial average with respet to
ρ0 = Z
−1
0 e
−βH0
with Z0 = tr
(
e−βH0
)
.
The following steps depend on the partiular values of the arguments x1 and x2. However, sine the Green's
funtion depends only on their dierene, x = x1 − x2, whih lies between -β and β, it is suient to onsider only
negative values of x1 and x2. Thus, ombining Eqs. (70) and (72), we an write for the produt of the operators in
the Green's funtion (61):
ρeqT̂x
(
A(x1)B(x2)
)
=
Z0
Zeq
ρ0U˜(β, 0)T̂x
[
A˜′I(x1)B˜
′
I(x2)
]
The evolution operator U˜(β, 0) ontains the sum of ordered produts of operators H˜ ′I(x) whose arguments x lie
between zero and β, i.e. are all positive. Sine, by our assumption, both x1 and x2 are negative, the above formula
an be transformed into:
Z0
Zeq
ρ0T̂x
[
U˜(β, 0)A˜′I(x1)B˜
′
I(x2)
]
(73)
whih results in the following nal expression for the Green's funtion:
GAB(x1, x2) = −
〈
T̂xU˜(β, 0)A˜
′
I(x1)B˜
′
I(x2)
〉0
〈
U˜(β, 0)
〉0 = −
〈
T̂x exp
[
−
∫ β
0
H˜ ′I(x)dx
]
A˜′I(x1)B˜
′
I(x2)
〉0
〈
T̂x exp
[
−
∫ β
0 H˜
′
I(x)dx
]〉0 (74)
whih is nothing but the Matsubara Green's funtion, GA′B′(x1, x2). The latter is dened with respet to the
operators A′ and B′ whih are obtained from the original operators A and B by using the primed matries of
oeients as explained above.
Thus, there is a diret onnetion between the Green's funtion (61) and the appropriate Matsubara Green's
funtion. Sine there is a well-known diagrammati perturbation tehnique developed for the latter with the
denominator anelling out exatly as a prefator to onneted diagrams in the nominator [22, 23℄,
GAB(x1, x2) = −
〈
T̂x exp
[
−
∫ β
0
H˜ ′I(x)dx
]
A˜′I(x1)B˜
′
I(x2)
〉0
c
, (75)
where the subsript  indiates expliitly that only onneted diagrams are to be retained, this method an be
diretly used to obtain orretions beyond the one-eletron approximation. The latter was employed in Setion 3.5
to derive the formula for the orrelation funtion. In partiular, in the zero order (when the exponential operator
above is replaed by unity), the same expression is obtained for the orrelation funtion as in Setion 3.5. Notie
that the diret appliation of Eq. (75) results in an expression ontaining an additional term with the produt of
averages 〈A〉
0
〈B〉
0
; this term did not appear in Setion 3.5 sine the orrelation funiton onsidered there ontained
already the dierene operators ∆A and ∆B.
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